LECTURE 19

ZIQUAN YANG

PROOF OF STOKES’ THEOREM FOR A PARAMETRIZED SURFACE
Recall the statement of Stokes’ theorem:

Theorem 1. Let S be a smooth oriented surface having a (piecewise) smooth boundary curve C. Let
F = Mi+ Nj+ Pk be a vector field whose components have continuous first partial derivatives on an

open region containing S. Then
/ F-Tds://(VxF)-ndG
as s

where T is unit tangent vector field on the boundary 9S in the counterclockwise orientation with respect
fo n.

Let us prove this in a relatively simple senario. Then you see that it follows from Green’s theorem,
which boils down to the fundamental theorem of calculus. Assume that S is parametrized by r : Q — R3,
where Q is a region in R? with boundary dQ, and 9 is nothing but the image of dQ under r.

r(u,v)

as

aQ

Let t — R? for t € [a,b] be a parametrization for dQ. Then dQ is parametrized by ¢ + r(u(t),v(t)),

and we have ) drdu drd
rdu drdy
F-Tds= | F () | =——+=——|dt.
25 : /a (r(u(t),v(1))) (8u a o dt>
Write G(u,v) for F(r(u,v)), we can view the right hand side as the integral of an 1-form on dQ:

or ar
jgg <G8u> du+ <G8v> dv.

Note that the integrands are dot products of two vectors in R?, and are functions in u, v.
By Green’s theorem in Q, this equals:

d ar d ar

Compute the partial derivatives using the product rule:

9 (g v\ _9G or . Pr
du ov) du v dudv’
) or oG or d°’r
E (G' au> = au ¢ Gvau
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Noting (as the surface is smooth')

d’r  Jr
dudv  Ivdu’
the integrand in (1) simplifies to
96 or 3G or
du dv Jdv du
The derivatives of G are: 26 5 26 5
r r
% = (VF)£> g = WF)&V’

where VF is the Jacobian matrix of F, namely,
VM dM/dx JIM/dy IM/dz
VF= |VN| =|dN/dx OJN/dy JN/dz
vpP dP/dx JP/dy OJP/dz

The integrand becomes:

((VF)?Z) .g‘v’— ((w)jﬁ) .gz — (VxF). (gz x 3‘;) .

You can verify this identity by brute force. After you expand and simplify both sides of the equation,
you should get on both sides.

(P) - Nz) ()’qu - Zuyv) + (Mz - PX) (Zuxv - quV) + (NX - My) (xuyv - yuxv)
The normal vector and surface element are:

dr Jr
ndo = % X jdudv.

Thus, the integral becomes:

Jor oOr
//Q(V < F(r(u,v))) <au « av> dudy = //S(v «F)-ndo.
Voila! We are done.

I do not expect that you memorize this proof. However, it is helpful to go through this proof once.

In class T said this is because the boundary is smooth by a slip of tongue.
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